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A new method is presented for the approximate solution of integral 
radiation equatiom (1), (2), and (3) in connection with the numerical 
determination and study of the values for the local characteristics of 
the radiative heat exchange between a pair of unequal parallel circular 
gray disks whose centers are situated on a common axis. 

The resu l t s  of a numer i ca l  study and f rom the calcu-  
lation of the local boundary charac te r i s t i c s  for r ad ia -  
tion a re  p resen ted  in connection with the fundamental  
formulat ion of the problem of radiat ive heat exchange 
between a pai r  of para l le l  c i r cu la r  disks of different  
d i ame te r s ,  the i r  cen te rs  s i tuated on a common axis.  

We as sume  the disks to be i so thermal  and gray;  
fu r the rmore ,  we a s sume  the space betweenthese  disks 
to be fi l led with a d ia thermic  medium.  The disk d i am-  
e te rs  (d~ and d2) , the distance between the disks (h), 
as well as the disk t empe ra tu r e s  (Tt and T2) , and the i r  
emiss iv i t i e s  (A 1 and A 2) are  specified.  We have to 
de te rmine  the densi ty d is t r ibut ion  for the resu l tan t  
radiat ion over the surfaces  of each of the disks.  

The problem is solved by the new method of nu-  
me r i ca l  (approximate) t h ree - s t age  solution of in tegral  
radia t ion equations proposed in [1-3]: 

a) the numer ica l  de te rmina t ion  of both the local and 
the mean  geometr ic  radia t ion angle factors  between 
various surface e lements  of one disk re la t ive  to the 
other: q~(MiFk); M i ~ F i ;  i, k =  1,2; i r k; 

b) the numer i ca l  calculat ion of the local  resolving 
radiat ion angle factors:  ~(Mi,Fk) ;  M i ~ Fi;  i, k = 1, 
2; i ~ k ;  

c) the numer ica l  de te rmina t ion  of Eres(M i) over 
the surfaces  of each of the disks.  

B a s i c  c a l c u l a t i o n a l  f o r m u l a s  a n d  e x p r e s s i o n s .  The 
solution of the integral  radiat ion equations in the given 
case reduces  to the following [1-3]: 

E0,1 

= A~[O(M~, Fs)+A~@(M~, F~)02d, (i) 

0 r e s ( M 2 ) -  Eres(M~) __ 
E0, l 

= A~{~(AQ, F3)+ [I--A~O(M:,F2)]Ozx}, (2) 

where 

Eo, ~ = tro T~; Ea, i = Eo,~ - -  Eo, i = ~so ( 7 ~ -  T~/); 

-- T~ --  1 \ - ~ /  = 1 - -02 ;  

o ( T ~ / '  
s = k ~ - ~  / " (3) 

Bear ing in mind that the disks a re  flat, i . e . ,  ~p(Mi, 
F1) = ~(M2, F 2) = 0, for  the local resolving radia t ion 
angle factors  r F k) we derive the following ca lcu-  
lat ional  express ions  

where 

D (M i, F~) = D �9 (Mi, F,) = 

= ff~ (Mi, F,) + RI ~,~ ~ (M~, F,) 

(MIEFg; i = l ,  2, 3), 

D (M~, Fa) = D @ (M i, Fx) = 

= r (M v Fx) + R~p~,cp (M~, F~) 

(M~ ~F~; i = 1, 2, 3), 

(4) 

(5) 

(M,, F~) = i - -  ~ (M~, F~); 

q) (M~, Fs) = 1 - -  q~ (M2, F1). 

The resu l t s  f rom the numer i ca l  calculat ions  of 
r Fk) were checked by means  of c losure  equations 
of the form 

A , O ( M  i, F~) + A,O(Mt,  F,) + ~(M~, Fs) = 1 

(M~EF:; i =  l, 2, 3). (8) 

Express ions  (1) and (2)--on the bas i s  of (8)--can 
also be presen ted  in the following form:  

0 re~ (M1) = 

= All1 --A~O(M~, F , ) - - A ~ O ( M , ,  F~) 0d, (la) 

o~o~ (M~) = 

=A211--A~O(M,, F2)(2--O~)--AIO(M~, F1)]. (2a) 

In the above-ci ted  express ions  F 3 is the imaginary  
side surface  of a t runca ted  cone with bases  F 1 and F 2 
for which we mus t  a s sume  A 3 = 1 and R 3 =0 ;  the t e m -  
pera tu re  T 3 mus t  be set equal to absolute zero. 

Bear ing  in mind  that (p(M1, F 1) = ~o(M2, F2) = 0, f rom 
express ions  (4), (5), and (7) we obtain the following 
catcutat ionaI express ions :  

�9 (M1, F2) = r (Mx, F~) (9) 

where 

D = 1 - -  R1R2 r ~1. (6) 

To de te rmine  •(Mi,F3) , we use  the express ion  

(M ~, Fs) = r (Mz, Fs) + 

+ R1 �9 (Mr, F~) r + R2r (Mi, F~) q~23, (7) 
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(:I) (MI, Fa) R~ %~q) (M~, F~) ,___ R~ %~ �9 (M,, F~), 
1- -  R1R~ ~ q ~  

(10) 

(I)(M~, F~)=  (p(M~, F~) (11) 
1--  R~R~ q),~Zl ' 

(9(M~, F~)= R,(hF~(Me,F~) =R~(h~(9(Mz, F~),  (12) 
1--  R~R~ r 

(9 (My Fs) = 1 - -  q) (M~, F2) -}- R, %3 (9 (M v Fx) -}- 

+ R~%8 qb (Me, F~), (13) 

(9 (M2, F3) = 1 - -  q) (M2, F1) -I- R1 q)l~ (9 (M~, F~) + 

+ R~ q)~ (9 (Mz, F~). (14) 

The numerical calculations of ~(Mi, F k) can be 
checked by means of the expressions 

(9(M v F~)= I--A~(9(M,, F,)--A,(9(M. f~), (15) 

and 

(9(M~, F , ) =  1--A~O(M~,  F, ) - -A, (9(M~,  F,). (16) 

D e t e r m i n a t i o n  of the g e o m e t r i c  l o c a l  rad ia t ion  
ang le  f a c t o r s  (p(M i,  Fk) .  To d e t e r m i n e  ~(Mi ,  F k) f r o m  
the  s u r f a c e  e l e m e n t  of one d i s k  to the o t h e r  p a r a l l e l  
d i sk ,  we u s e  the  f o r m u l a  

q) (M.  F~) : 1 V-(h~ + a~ + 1) ~ - -  4a~ ' (17) 

w h e r e  h t = h / r  2 and a~ = a / r  2. H e r e  a is  the  i n s t a n t a -  
neous  c o o r d i n a t e  of the  point  M~ which  de f ines  t he  
pos i t i on  of the  a r e a  dFMt  , and h is the  d i s t a n c e  b e -  
tween  the  d i sks .  The  n u m e r i c a l  c a l c u l a t i o n s  of q~(Mi, 

r (~,'; r.; A-:e,a)- 
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Fig.  1. L o c a l  r e s o l v i n g  and loca l  
g e o m e t r i c  ang le  c o e f f i c i e n t s  of 
r a d i a t i o n  v e r s u s  d i m e n s i o n l e s s  
cood ina te  fo r  v a r i o u s  v a l u e s  of 

h / r  z = 2; 1) h / r  2 = 1; 2) h / r  z = 2; 

1 ,2 )  @(M1, F 2) and ~(M 1, F~) co in  
c ide ;  3, 4, 5, 6) h / r  2 = 2; 3, 7) A I = 

= A z = 0.9; 4) A t = A  z =  0.8; 5, 8; 
A l = A  2 =0 .4 ;  6, 9) A s=  A~ = 0.2. 

F k) (i, k = 1 ,2 ;  i ~ k) a r e  p r e s e n t e d  f o r  the  c a s e  in 
which  the  r a t i o  d2/d 1 of the  d i s k  d i a m e t e r s  is  equal  to 
two, with the values of D(MI, F 2) = ~(MI,F 2) having 

b e e n  found a s  func t ions  of the quan t i ty  a s = a / r 2 ,  
r a n g i n g  f r o m  z e r o  to 0.5 fo r  the  two va lues  of the  
p a r a m e t e r s  ht = h / r 2  = 1 ,2  and as  a func t ion  of a~ = 

+o.8 t~ 
2 ~  

_ . . . .  
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Fig.  2. D i m e n s i o n l e s s  d e n s i t y  
of  r e s u l t i n g  r a d i a t i o n  v e r s u s  
d i m e n s i o n l e s s  cood ina t e  ~ / r  
f o r  v a r i o u s  g e o m e t r i c  f a c t o r s  

h / r : a )  A s = A  2= 0 . 8 ; b )  A t =  
= A 2=  0.4; 1 , 3 , 4 , 6 , 9 , 1 0 )  h /  
r 2 = 1; 1 ,4)  0 a = 0; 2 , 3 , 5 , 6 )  
02 = 1.5; 1 , 2 , 4 , 5 , 7 , 8 )  h / r  z = 2. 

= a / r 2 ,  r ang ing  f r o m  z e r o  to two f o r  v a l u e s  of h 1 = 
= h / r  2 = 2 ,4 .  T h e s e  func t ions  a r e  shown in F i g .  1 f r o m  
which  i t  fo l lows  that  wi th  an  i n c r e a s e  in a 1 = a / r  2 the  
v a l u e s  of go(Mi, F k) (i ,  k = 1, 2; i ~ k) d i m i n i s h  s l igh t ly .  
Ana logous  r e l a t i o n s h i p s  e x i s t  fo r  @(M2, FI) .  The  r e l a -  
t ionsh ip  b e t w e e n  @(M1, F 3) and a s = a / r  2 f o r  v a r i o u s  
v a l u e s  of h I = h / r  2 and of A 1 and A 2 a r e  shown in F ig .  1. 

H o w e v e r ,  of g r e a t e s t  i n t e r e s t  is  the d i m e n s i o n l e s s  
dens i t y  0 r e s ( M  1) of the r e s u l t a n t  r a d i a t i o n  as  a f u n c -  
t ion  of a s = a / r  2 f o r  the v a r i o u s  va lues  of As, A2, and 
02, p r e s e n t e d  in F i g s .  2 , 3 ,  and 4. 

H e r e  the e m i s s i v i t i e s  (A 1 and A s) of the  d i sk s  w e r e  
a s s u m e d  to h a v e  the  fo l lowing  va lue s :  A 1 = A 2 = 0o 1, 
0~ 0.4, 0.6, 0.8, 0.9; b ) A  s = 0.8; A s = 0.7, 0.6, 0.4. 

The  d i m e n s i o n l e s s  t e m p e r a t u r e  f a c t o r  02 was ,  r e -  
s p e c t i v e l y ,  a s s u m e d  to  be  equal  to 

Oz = T~ = 

= 0. 0.1. 0.3. 0.5, 0.7. 1,0, 1.5. 2.0, 3.0"). 

A n a l y s i s  of the  c a l c u l a t i o n a l  r e s u l t s .  F i g u r e  2 
shows  the  d i m e n s i o n l e s s  dens i t y  0 re s (M 1) f o r  t he  
r e s u l t a n t  r a d i a t i o n  as  a func t ion  of the d i m e n s i o n l e s s  
c o o r d i n a t e s  a / r  o v e r  the  r a d i u s  of d i s k  1 f o r  v a r i o u s  
va lues  of 0 2 = (T2/T1) 4 and A 1 = A 2. As is  c l e a r l y  
shown by the  g r a p h s ,  fo r  v a r i o u s  v a l u e s  of 02 and A 1 = 
= A2, 0 r e s (M 1) is m i n i m u m  in va lue  at the  c e n t e r  of 

*We note  that  0 2 = i and 0 2 = 0 p e r t a i n ,  r e s p e c t i v e l y ,  
to the c a s e s  in which  the d i sk s  exhibi t  i den t i ca l  t e m -  
p e r a t u r e  (0 2 = 1) and to the c a s e  in which  the t e m p e r a -  
t u r e  of one of the  d i sk s  is equa l  to z e r o  (0 2 = 0). 
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the disk, inc reas ing  sl ightly with approach to the p e r i -  
pheral  points.  When A 1 = A 2 = 0.8; h / r  2 = 1 and 02 = 
= 1.5, the change in 0res(M l) becomes  more  p ro -  
nounced, as w e c a n  see from curve 10 shown in Fig.  2. 

The value of 6res(M l) at the var ious  points of the 
disk is v i r tua l ly  constant  for fixed values of 62 and 
A 1 = Az; this is explained by the great  d is tance h / r  2 = 
= 2 between the disks .  For  h/r2 = 1, the indicated 
re la t ionship  is all  the more  pronounced and it is the 
g rea te r ,  the higher  the value of 62 = (T2/T1) 4. It should 
be noted here  that even when 62 = 1.5 and h / r  2 = 1 for 
A 1 = A 2 = 0.8 the values of 6res(M l) become negative 
at all  points on the disk surface ,  whereas ,  at values 
of 62 = 0, 1.0, the values of 0res(M i) a re  posi t ive.  For  
values of the emiss iv i t i e s  A 1 and A 2 equal to 0.38, the 
function 0res(M l) also exhibits a posi t ive value when 
62 = 1.5. Since 6res(M l) var ies  only sl ightly over the 
disk sur face ,  it becomes  of i n t e r e s t  to find 6res(M 1) at 
ce r ta in  fixed points M 1 of the disk as a function of 02 
for var ious  values of A 1 and A2, as well  as a function 
of A 1 and A 2 for var ious values of 62, as shown in Figs .  
3 and 4. 

We see f rom these  f igures  than when d2/d s = 2 and 
h / r  2 = 1, the d imens ion les s  densi ty 0res(M s) of the 
resu l tan t  radia t ion at the point M 1 (a/r= 1/4) with an 
inc rease  in A 1 = A 2 inc reases  all  the more ,  the sma l l e r  
the value of 62. However, even when 62 = 1.5, wehave  
a d iminish ing  function which f rom A s = A 2 = 0.4 on 
can even a s sume  negative values.  F igure  3 also shows 
curves  demons t ra t ing  this  re la t ionship  for h / r  2 = 2. 

It is essen t ia l  that we point out (see Fig.  4) that if 
the value of 0res(M l) r ema ins  v i r tual ly  constant  for a 
change in 62 f rom zero to 0.5, with a fur ther  inc rease  
in 62 the resu l t ing  reduct ion in 0res(M s ) is the g r ea t e r ,  
the l a rge r  62 and A 1 = A2, so that for ce r ta in  specific 
values of 02 (which a re  the sma l l e r ,  the l a rge r  A i = A 2} 
the function 6res(M 1) become negative.  

In conclusion,  we note that for the special  case of 
two equal disks with identical  emis s iv i t i e s ,  the n u m e r -  
ical ca lcula t ions  of the local  rad ia t ion  cha rac t e r i s t i c s  
were  f i r s t  c a r r i e d  out by means  of Sparrow computers  
[7]. However,  the computat ional  method employed in 

[7] is marked  by the fact that it is cumber some  and 
excess ively  complex, which was pointed out, in p a r -  
t i cu la r ,  in re fe rence  [5]. 

A sys temat ic  invest igat ion has been under taken in 
this paper  and a solution der ived for  the problem a s -  
sociated with the de terminat ion  of local radia t ion 
cha rac te r i s t i c s  for  the more  general  case of unequal 
disks with various t empera tu re  and emiss iv i ty  values.  

NOTATION 

~(Mi, F k) and #(Mi,Fk)  a re  the local  geometr ic  
and resolving angle factor  for the rad ia t ion  from point 
Mi of sur face  Fi  to surface  Fk; ~Oik is the mean  geo- 
m e t r i c  r ad ia t ion  angle factor  f rom surface F i to s u r -  
face Fk; Eres(M i) and 0res(M 1) are  the local and 
d imens ion les s  densi t ies  of the resu l t ing  radia t ion at 
point M i of surface  F i. 
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